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In quantum optomechanics, finding materials and strategies to limit losses has been crucial to
the progress of the field. Recently, superfluid 4He was proposed as a promising mechanical element
for quantum optomechanics. This quantum fluid shows highly desirable properties (e.g. extremely
low acoustic loss) for a quantum optomechanical system. In current implementations, superfluid
optomechanical systems suffer from external sources of loss, which spoils the quality factor of res-
onators. In this work, we propose a new implementation, exploiting nanofluidic confinement. Our
approach, based on acoustic resonators formed within phononic nanostructures, aims at limiting
radiation losses to preserve the intrinsic properties of superfluid 4He. In this work, we estimate the
optomechanical system parameters. Using recent theory, we derive the expected quality factors for
acoustic resonators in different thermodynamic conditions. We calculate the sources of loss induced
by the phononic nanostructures with numerical simulations. Our results indicate the feasibility of
the proposed approach in a broad range of parameters, which opens new prospects for more complex
geometries.
I. INTRODUCTION
In recent years, progress in cavity optomechanics,
which exploits the coupling of light or microwave fields
to mechanical motion, has enabled the development of a
wide range of designs and applications [1]. By allowing
the detection and control of non-classical states of light
and mechanical motion in the quantum regime, quan-
tum optomechanics [2] has pushed the limits of sensing
capabilities, and offered interesting prospects for novel
quantum technology applications. Recent achievements
in the field, include the measurement of mechanical mo-
tion below the standard quantum limit [3, 4], cooling to
the mechanical ground state [5, 6], realising quantum co-
herent state transfer [7, 8], quantum entanglement [9, 10],
quantum non-demolition measurements [11], and quan-
tum squeezing of mechanical motion [12–14].
In general, mechanical resonators are fabricated from
solid materials, however, there has been a recent inter-
est in using superfluid helium 4 as a mechanical element
in cavity optomechanical systems. As a natural quan-
tum fluid, superfluid 4He holds several advantages for
a mechanical system over classical materials, which in-
clude an absence of viscosity, a naturally high purity and
thermal conductivity, and quantized vorticity. Of partic-
ular interest to quantum optomechanics, are its vanish-
ing acoustic and dielectric loss at low temperature. For
instance, it was shown that, in theory, losses in super-
fluid 4He can lead to an acoustic quality factor of the
order of Qa ∼ 1010 at 10 mK [15], and a dielectric loss
tangent tan δ < 10−10 at about 1.5 K [16]. In a first
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attempt to exploit these remarkable properties in a su-
perfluid optomechanical setup, superfluid 4He was used
in a gram-scale, ultra-high quality factor acoustic res-
onator [15, 17]. It was shown that such system, if brought
up to the kilogram-scale or more, can lead to highly sen-
sitive gravitational wave detectors [18]. Furthermore, at
much smaller scale (i.e. picogram and femtogram), su-
perfluid 4He resonators have shown great potential for
quantum optomechanics experiments [19, 20], the study
of quantized vorticity in thin films [21, 22] and levitat-
ing droplets [23], the enhancement of Brillouin interac-
tion [24, 25], and the realisation of qubits mechanical
systems [26].
To improve the capabilities of superfluid optomechani-
cal systems as quantum resources, it is key to enhance
the coherent coupling between the light field and the
acoustic field by maximising the optomechanical coupling
strength (g0), while limiting the sources of acoustic loss
(Γa) and optical loss (κ). While superfluid
4He holds re-
markable intrinsic properties (i.e. vanishing losses), these
can be spoiled by external factors causing heating or ra-
diation losses.
In the present work, we propose a novel architec-
ture for superfluid optomechanics, based on engineered
nanostructures allowing a better control over superfluid
phonon propagation, preserving superfluid 4He’s excep-
tional intrinsic properties, and leading to enhanced qual-
ity factors and coupling strengths. Exploiting recent
progress in quantum nanofluidics, concerning the confine-
ment at the nanoscale of quantum fluids (liquid helium-
4 [27–34] and liquid helium-3 [29, 35–40]), one can form
a nanoscale cavity of typically hundreds of nm in height,
and tens of µm in width defining the boundaries of
a picogram or femtogram scale superfluid acoustic res-




























be formed by means of a microsale hollow volume within
a glass or silicon substrate. However, filling this volume
with superfluid helium requires an opened filling chan-
nel, which can lead to spurious acoustic modes and loss
channels. We propose to solve this technical problem
by confining our superfluid acoustic modes in phononic
nanostructures.
Using a methodology borrowed from previous work on
phononic crystal slabs [41], and macroscopic sonic crys-
tals [42, 43], we designed nanofluidic 2-dimensional su-
perfluid sonic crystals, which consist of hollow nanostruc-
tures composed of channels and cavities formed in a solid
substrate, and filled with superfluid helium (see Fig. 1).
The fluid is confined in a thin slab containing hundreds
of cylindrical pillars arranged in a periodic lattice struc-
ture forming a 2D artificial crystal. Sound waves propa-
gating in the superfluid embedded within this structure
must satisfy Bragg scattering conditions, which leads to
a phononic band structure defining the possible prop-
agating modes. This system forms a sonic crystal (or
phononic crystal). By removing one pillar from the pe-
riodic lattice, we create a point defect in the artificial
crystal. This defect can host an acoustic mode, which
has a frequency located at the centre of the sonic crystal’s
bandgap. Because in the sonic crystal, acoustic propaga-
tion is forbidden for frequencies within a bandgap, radia-
tion loss out of the acoustic mode is strongly suppressed,











FIG. 1. 2D sonic crystal composed of an array of cylindrical
pillars patterned in a substrate (gray regions). Hollow vol-
umes in-between pillars are filled with superfluid 4He (blue
regions). The square unit cell is shown on the right-hand side
with its dimensions: side length (a1 ∼ 100 µm) and pillar di-
ameter ( a2 ∼ 80 µm). A point defect in the lattice will host
the acoustic mode of the superfluid optomechanical system.
The nanofluidic geometry is enclosed by bonding another sub-
strate on top (not shown here for clarity), confining acoustic
propagation within a thin superfluid 4He slab (d ∼ 100 nm).
The highly confined acoustic mode is coupled (via elec-
trostriction) to an electric field generated by a nanoscale
capacitor located at the point defect of the sonic crystal.
Enclosed within the nanofluidic geometry, the capacitor
is terminated by large antennas, which couple the mi-
crowave field of a 3D cavity mode to the capacitor. This
forms a cavity optomechanical system in which the me-
chanical mode is a superfluid acoustic mode confined at
the point defect of the sonic crystal, and the optical cav-
ity mode is defined by the microwave cavity coupled to
the nanoscale capacitor. We find that the proposed su-
perfluid optomechanical system should have a relatively
large optomechanical coupling strength (g0 ∼ 10−2 Hz),
which is about 6 orders of magnitude larger than in
previous superfluid optomechanics work with microwave
fields [15, 17]. This potential improvement is due to the
high confinement of the acoustic mode, and the strong
mode overlap that the nanofluidic environment can pro-
vide.
In section II, we give a short background on the super-
fluid 4He two-fluid model, and collective excitations. In
section III, we describe the characteristic properties of su-
perfluid 4He as an acoustic medium, including the differ-
ent sources of internal attenuation identified as relevant
to quantum optomechanics. In section IV, we introduce
our proposed nanofluidic system, the sound propagation
inside, and the different sources of acoustic loss in these
geometries. In section V, we present a possible imple-
mentation of the proposed phononic nanostructures in
a cavity optomechanical setup, and the optomechanical
coupling.
II. SUPERFLUID 4HE: BACKGROUND
A. Two-fluid model
Liquid 4He is a system of strongly correlated bosons,
a quantum Bose liquid, which behaves like an ordinary
fluid (He I) down to a critical temperature Tλ = 2.17 K.
Below this critical temperature, liquid 4He transits into
a superfluid phase (He II), which exhibits peculiar prop-
erties, such as a vanishing viscosity for fluid flow in thin
capillaries [44]. Most of the properties of the superfluid
phase are well described by a two-fluid model originally
introduced by Tisza [45], and then rigorously reformu-
lated by Landau [46]. A discussion of the discovery of
superfluidity in 4He can be found at Ref. [47].
In the two-fluid model, the liquid is divided into two
components. These two components are not a real divi-
sion of the liquid but rather a mathematical abstraction,
which works well to describe the properties of the super-
fluid phase. In this construction, the superfluid compo-
nent of mass density ρs and velocity vs, carries neither
entropy nor viscosity. The superfluid component repre-
sents a collective phenomenon, in which particles move
together to preserve the macroscopic occupation of a sin-
gle quantum state of the Bose liquid. The second com-
ponent, the normal fluid component of mass density ρn
and velocity vn, represents the gas of elementary exci-
tations (or quasi-particles) of the Bose liquid, which is
discussed in the next section. The total mass density ρ
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and momentum density j of the fluid are given by
ρ = ρn + ρs, (1)
j = ρnvn + ρsvs. (2)
At the transition temperature (T = Tλ), the superfluid
component density vanishes (ρs = 0, ρn = ρ). In the
zero temperature limit, the normal fluid component den-
sity vanishes (ρn = 0, ρs = ρ), and with it, the en-
tropy of the fluid ρS = ρnSn, where Sn is the entropy of
the normal fluid component. Since the superfluid com-
ponent describes a single macroscopic quantum state,
there is no viscosity associated with the superfluid flow
(ηs = 0). The viscosity of the liquid comes from the gas
of excitations, identified as the normal fluid component.
These excitations scatter randomly against the atomi-
cally rough walls of the container transferring momentum
from the fluid to the walls, hence providing a viscous fric-
tion with a coefficient of viscosity η = ηn comparable to
that of the normal liquid phase (He I). The gas of exci-
tations is also responsible for sound attenuation.
B. Spectrum of excitations
Landau proposed that the normal fluid component can
be seen as a gas of weakly interacting elementary exci-
tations [46, 48]. The concept of elementary excitations
can be used when their interaction energy is small com-
pared to their own energy [49]. The background through
which these quasiparticles move corresponds to the su-
perfluid component. Hence, the dynamical properties of
He II at low temperature are dictated by the excitations
spectrum (Fig. 2), in particular the phonon-maxon-roton
excitations branch of the dispersion curve ε = ε(q), with
q the magnitude of the excitation wave vector.
The linear section of the dispersion curve at low energy
(q → 0) corresponds to phonon excitations, i.e. long
wavelengths density fluctuations. We note that while
phonons usually emerge as the quantized vibrational
states of a crystal lattice, in superfluid 4He, phonons cor-
respond to the gapless Goldstone modes of the Bose liq-
uid [50]. The low energy part of the dispersion curve can
be approximated by
εph(q) ' cq(1− γq2), (3)
where c is the first-sound (i.e. density waves) velocity
and γ the phonon dispersion coefficient. Both parameters
are pressure dependent, and importantly γ is negative at
low pressure (anomalous dispersion) and positive at high
pressure (normal dispersion). The sign of γ dictates the
nature of phonon interactions, and therefore the nature
of sound attenuation in superfluid 4He.
The minimum of the dispersion curve in Fig. 2 corre-
sponds to roton excitations. The true nature of roton
excitations is still debated. In Feynman’s picture [51],
a roton was interpreted as a vortex ring (i.e. a toroidal
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FIG. 2. Schematic of superfluid 4He dispersion curve, showing
the low energy branch of the excitation spectrum. Thanks to
liquid 4He’s isotropy, the dispersion curve does not depends
on the orientation of the excitation wavevector q.
only one atom can pass through the ring. In an alterna-
tive view, a roton can be seen as the backflow induced
by a moving impurity atom [52], or more recently, as the
ghost of a Bragg spot, signalling the proximity of a solid-
ification phase transition [53]. The dispersion curve near
the roton minimum can be approximated by
εrot(q) ' ∆r +
~2
2µr
(q − qr)2, (4)
where ∆r/kB = 8.594 K and qr = 1.926 Å
−1 are the
energy and momentum coordinates of the roton mini-
mum, and µr = (1/~2)∂2ε(q)/∂q2 = 0.124 m4 the roton
effective mass associated with the curvature of the dis-
persion curve at the roton miminum. Values for these
parameter have been extracted from neutron scattering
measurements [54], at saturated vapour pressure (SVP).
The maximum of the dispersion curve corresponds to
maxon excitations. We have been exhaustive in describ-
ing the low energy excitations in superfluid 4He as they
may be relevant to various types of superfluid optome-
chanical systems, for instance, those using optical light.
In this work, however, maxons, and higher energy multi-
excitations, are not relevant to describe the low tempera-
ture properties of liquid He II, and its interaction with the
microwave fields of the proposed architecture. Therefore,
we will ignore their contribution in the next sections. In
addition, one can show that at low temperature the nor-
mal fluid density is only the sum of a phonon and roton
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n , given by [55]:













These two contributions (shown Fig. 3) are equal at
around 0.6 K. Below this temperature, the roton den-
sity vanishes exponentially with temperature, and only
the phonon excitations contribute to the normal density.
Therefore, in the mK temperature range, which is our
temperature range of interest, we can ignore the contri-
bution of rotons. The dynamic properties of the fluid,
such as sound attenuation will be dictated by phonon
dynamics only.
















FIG. 3. Phonon contribution ρphn /ρn (blue curve) and roton
contribution ρrotn /ρn (yellow curve) to the normal fluid density
fraction. These two contributions are equal at a temperature
T ' 0.6 K.
C. 3He impurities: quasiparticles
The impurities in solution represent another loss chan-
nel for sound propagation. In superfluid 4He, the only
impurities are the isotopic 3He impurities since at low
temperature all the other impurities have either been fil-
tered or adsorbed on the walls of the container. In this
work, we will consider typical natural concentrations at
the part per million (ppm) level, and ultra-low concentra-
tions at the part per billion (ppb) level or lower. In the
mK temperature range, the gas of 3He impurities will be
non-degenerate, T  TF , where TF is the Fermi temper-
ature of 3He atoms. At thermal equilibrium, 3He atoms
form a gas of slowly moving quasiparticles of momentum
k. In the limit of low 3He concentration, considering the
superfluid 4He at rest, the gas of 3He quasiparticles is
described by the following energy spectrum [56, 57]




where m3 is the bare mass of a
3He atom, and m∗ '
2.34 m3 is the effective mass of
3He atoms in super-
fluid 4He at zero pressure [58]. The effective mass is
larger than the bare 3He atomic mass because a 3He
atom drags a flow of 4He atoms with it, carrying mo-
mentum. ε3(0) ' −2.785 K depends, in principle, on
both 3He and 4He densities, however at low concentra-
tion, the 3He-dependence is negligible and ε3(0) can be
identified as the chemical potential µ3 of the
3He in 4He.
III. SUPERFLUID 4HE: ACOUSTIC MEDIUM
A. Sound propagation in superfluid 4He
In electromagnetism, the wave equation of the field
follows directly from Maxwell equations, for which
monochromatic plane waves are rigorous solutions. In
contrast, the wave equation for acoustics is only an ap-
proximate equation derived from the non-linear hydro-
dynamic equations, and plane waves are approximate so-
lutions. Nevertheless, it was proposed that for pure 4He
and long wavelength excitations, an arbitrary state of the
sound field can be decomposed into a linear superposition
of plane waves [46, 48, 59].
A complete description of the motion of the fluid in the
superfluid phase (He II) involves solving the equations of
motion for the two-fluid model, which have been derived
in various textbooks [49, 50, 55, 60]. Deriving superfluid
hydrodynamic equations for the most general case falls
outside the scope of this paper. Instead, we discuss the
propagation of sound in He II by investigating the special
case of small disturbances (indicated by δ) from a steady
state for which vn = 0 and vs = 0, so
vn = δvn(r, t), (8)
vs = δvs(r, t), (9)
and the thermodynamic variables are close to their equi-
librium value indicated by the subscript zero:
ρ = ρ0 + δρ(r, t), (10)
p = p0 + δp(r, t), (11)
T = T0 + δT (r, t), (12)
s = s0 + δs(r, t), (13)
where ρ, p, T , and s are respectively the mass density,
pressure, temperature, and entropy fields. We assume
the disturbance to be small (e.g. δρ ρ0), and the veloc-
ity fields δvn, δvn to be smaller than the sound velocity.
As for classical fluids, we can linearise the equations of
motion neglecting all quadratic terms in the small quan-












+ ρ0s0∇ · δvn = 0 (15)
∂δj
∂t
+ ∇δp = 0 (16)
∂vs
∂t
+ ∇δµ = 0 (17)
where δj = ρn,0δvn + ρs,0δvs and δµ = (1/ρ0)δp− s0δT
are respectively the mass current and the chemical po-
tential disturbance from equilibrium value. The two first
equations above derive from conservation of mass and en-
tropy, the other two equations are typical of the two-fluid
model for which a pressure gradient drives a total mass
current, and a chemical gradient drives a superfluid flow.




+∇2δp = 0, (18)
with ∇2 the Laplacian operator defined in Cartesian co-
ordinates as ∇2 = ∂2x+∂2y+∂2z . Considering the equation















which represents the velocity at which pressure (or den-
sity) waves propagate in He II. To the first-order approx-
imation, we obtain a constitutive equation
δp = c21δρ, (21)
and can rewrite the first-sound acoustic wave equation as
∂2δp
∂t2




− c21∇2δρ = 0. (23)
Hence, we see that the first-sound mode in He II is analog
to a classical sound mode (density waves) in ordinary
fluids, for which plane waves are simple solutions given
by
δp(r, t) = Aei(k·r−Ωt), (24)
withA the acoustic wave amplitude, Ω = 2πf the angular
frequency, k = nk = n(Ω/c1) the wave vector, and n the
direction of propagation of the plane wave.
Combining the other two equations of motion, Eq. 15
and Eq. 17, leads to a wave equation describing second
sound propagation, a sound mode corresponding to a
temperature (or entropy) wave, which can be interpreted
as compressional waves in the gas of excitations.
The first sound (density waves) and second sound (en-
tropy waves) wave equations derive from the two-fluid
model hypothesis taken in the hydrodynamic regime, for
which spatial variations of density and entropy fields are
slow compared to the relaxation time needed to estab-
lish thermal equilibrium in the gas of excitations (i.e.
phonons) [61]. Thus, the condition of validity of the hy-
drodynamic limit can be written as
Ωτr  1, (25)
where τr = 1.43 × 10−10/T 5 is the relaxation time re-
quired for achieving local thermodynamic equilibrium in
the phonon gas [62]. The hydrodynamic limit works well
at low frequency, however, at the typical temperature
(T < 0.1 K) and frequency range (Ω/2π ∼ 1 MHz) of this
work, we always have Ωτr  1, and the hydrodynamic
limit is not a valid approximation. The appropriate limit
for this work is the collisionless regime (Ωτr  1), for
which the typical lifetime of excitations τr is much greater
than the period of the sound wave 2π/Ω. In this limit,
sound propagation corresponds to a quasi-particle sound
mode (also called zero sound mode) [61], in which the
restoring force on a given particle comes from the aver-
aged field of all other particles. This effect leads to slight
modification of the isothermal first-sound velocity. At
T < 0.1 K, where the only thermal excitations of im-
portance are phonons, calculations predict an increase
in quasi-particle sound velocity compare to first-sound
velocity c(T ) = c1(T )(1 + ρn/ρ) [61]. However, more im-
portantly for us, sound attenuation in the collisionless
regime, which is detailed in the next section, is signif-
icantly different from attenuation in the hydrodynamic
regime.
B. Sound attenuation in superfluid 4He
In general, the presence of dissipative effects in ordi-
nary fluids, such as those related to viscosity or heat
conduction lead to sound attenuation. This is true of su-
perfluid 4He in the hydrodynamic limit. However, in the
collisionless regime the gas of excitations does not reach
local thermodynamic equilibrium, therefore it does not
dissipate sound energy as effectively as in the hydrody-
namic regime, and neither viscosity nor heat conduction
are well-defined. Besides, the presence 3He quasiparti-
cles in solution provides another acoustic loss channel.
Finding the full temperature and frequency dependence
of sound attenuation in He II is a challenging problem.
However, in the low temperature range (T < 0.1 K) and
for low 3He concentration (x3 < 10
−6) sound attenuation
is simplified. For these conditions, sound attenuation can
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be separated into a phonon-phonon interaction contribu-
tion, in which energy loss is caused by acoustic phonons
scattering against thermal phonons, and a phonon-3He
interaction contribution, in which acoustic phonons scat-
ter against 3He quasiparticles.
1. Phonon - phonon interaction
Theoretical investigation of the phonon-phonon in-
teraction contribution to sound attenuation was origi-
nally developed in refs. [63–66], following different meth-
ods, whose main ideas are well described in ref. [67].
The phonon dispersion coefficient γ responsible for the
phonon-phonon interaction, was first assumed to be pos-
itive at all pressure, which led to an underestimation of
sound attenuation at low pressure. Later, as shown in
ref. [68], this error was corrected, and the theoretical
value for sound attenuation was brought in line with ex-
periments [69–71]. It was then accepted that at low pres-
sure the phonon-phonon interaction term was dominated
by 3-phonon interaction processes, in which an acoustic
phonon is absorbed by a thermal phonon to produce a
third phonon (Landau process), leading to a sound at-







×[arctan (2Ωqτ) + arctan (3γq̄2thΩqτ)], (26)
where q and Ωq are respectively the acoustic phonon
wavenumber and pulsation frequency, τ the typical
phonon relaxation time, q̄th = 3kBT/c is the average







is the Grüneisen constant, a dimensionless parameter.
Hence, in the collisionless regime (Ωqτ  1), the sound








Note that this expression is only valid for an acoustic
phonon frequency much smaller than the typical thermal
phonon frequency, that is for ~Ωq  kBT . More recently,
it was shown by Kurkjian et al.[73] that at higher fre-
quency Beliaev processes, for which an acoustic phonon
can decay into two thermal phonons, become significant.
Schematics of Beliaev-Landau processes are shown Fig. 4.
Including Beliaev processes leads to a more complex
expression of the damping rate, which was computed for
quantum gases by Kurkjian et al.[73]. In the low tem-
perature limit, we can derive a simple expression of the















FIG. 4. Beliaev-Landau processes where acoustic phonons are
represented by wavy lines and thermal phonons by double
lines. (a) Landau process (q + q2 → q1) where an acoustic
phonon q interacts with a thermal phonon q2 to give a thermal
phonon q1, (b) Beliaev process (q → q2+q3) where an acoustic
phonon q decays into 2 thermal phonons q2 and q3.





rescaled by the typical thermal phonon wave number
kBT/~c. The functions Γ̃Bel/Lan(q̃) are universal func-























where the Bose functions gα(z), also called polyloga-







and the Riemann zeta functions are given by ζ(α) =
gα(1).
In the limit q̃ → 0, which corresponds to acoustic
phonons in the mode q having an energy ~ωq much lower
















which corresponds to the commonly used expression,
given at Eq. 28, for the acoustic attenuation in super-
fluid 4He due to 3-phonon interaction in the collision-
less regime (ωqτ  1), and the low temperature and
low frequency limit (~Ωq  kB). By including Beli-





q numerically, which gives the acoustic
damping and the attenuation at larger mode frequency.
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Fig. 5 shows the frequency dependence of the qual-
ity factor for a resonator of acoustic mode q given by
Qa = Ωq/Γq, where Γq = 2cαq represents the mode
damping rate for both Beliaev and Landau processes.
Hence, we observe that at low pressure and at the typ-
ical base temperature of a dilution refrigerator (T ∼ 10
mK), the quality factor is independent of frequency up
to a cut-off frequency of the order of 1 GHz, above which
the quality factor decreases following a 1/Ω4q frequency
dependence.




















FIG. 5. Quality factor of an acoustic mode q, computed us-
ing the expression of the damping rate given at Eq. 29 for
3-phonon interaction, as a function of the mode frequency
Ωq/2π at temperatures 10 (blue line), 20 (orange line), 50
(green line) and 100 mK (red line). The black dashed line in-
dicates the Ω−4q frequency dependence at frequencies higher
than kBT/~.
Recent high-precision neutron measurements from
Beauvois et al.[54] compared to theory [74] confirm that
the dispersion coefficient, negative at low pressure (γ <
0), changes sign and becomes positive (γ > 0) at a pres-
sure P ' 20 bar (ρ0 = 169 kg/m3). This indicates a con-
cave dispersion relation at high pressure and low wave
numbers. The 3-phonon interaction processes are forbid-
den at high pressure as these processes cannot satisfy the
conservation of both energy and momentum. This leads
to a regime where 4 phonon processes (2 ↔ 2) are the
dominant damping factor.
The damping rate due to 4-phonon interaction was
originally calculated, in quantum hydrodynamics, by
Landau and Khalatnikov [48]. As for crystal lattices,
to introduce transitions between different phonon states
(i.e. off-diagonal terms), one needs to consider the an-
harmonic contributions (i.e. third order and higher per-
turbation terms) in the interaction Hamiltonian. To fully
account for all the 4-phonon processes, one has to con-
sider both the quartic term of the interaction Hamilto-
nian V4 at the first order in perturbation, but also the
cubic terms of the interaction Hamiltonian V3 at the sec-
ond order in perturbation. However, as pointed out in
reference [75] certain 4-phonon processes, neglected by
Landau and Khalatnikov, turn out to be of the same or-
der of magnitude as the kept one. In a more recent work,
Kurkjian et al.[73] included all the important terms and
found a damping rate that is smaller than the original one
given by Landau and Khalatnikov. The damping rate for










where Γ̃2↔2(q̃) is a quadruple integral whose exact form is
given in ref. [73]. It is interesting to consider the asymp-












where ζ(5) = 1.03693 is the Riemann zeta function ζ(α)
taken at α = 5. Using these asymptotic forms, we can
compute the damping rate in the low temperature limit
and compare it with the damping rate originating from
3-phonon interactions. We show Fig. 6 the quality fac-
tor we obtain from the 4-phonon interaction terms. We
clearly see that the 4-phonon damping at 50 mK rep-
resents a negligible contribution compared to 3-phonon
damping. At lower temperature, we expect an even lower
contribution from the 4-phonon damping. Therefore, it is
interesting to consider the possibility to study superfluid
acoustic resonators at high pressure where sound attenu-
ation will be only limited by 4-phonon damping, and the
quality factor greatly enhanced. We should note that as
the dominant terms in the sound attenuation becomes
exceptionally small, one may need to consider other loss
channels previously ignored, including the phonon-roton
interaction.
2. Phonon - 3He interaction
In addition to phonon-phonon scattering, the other im-
portant intrinsic acoustic loss source in superfluid 4He
is due to 3He impurities. The natural concentration of
standard commercially available helium 4 gas varies de-
pending on the location of the helium plant, from a ratio
3He/4He of the order of 0.1 ppm to a few ppb as mea-
sured by Souris et al.[76]. Beyond this, the purification
technique developed by Hendry and McClintock [77] can
produce extremely pure samples with concentrations as
low as x3 = n3/(n4 + n3) < 10
−13, with n3 and n4 the
quantity of 3He and 4He atoms respectively. In this work,
we are interested in describing sound attenuation in the
limit of ultralow concentrations at the ppb level or lower,
thus limiting 3He dissipation.
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FIG. 6. Quality factor of an acoustic mode q, computed us-
ing the expression of the damping rate given at Eq. 29 for
3-phonon interaction as a function of the mode frequency
Ωq/2π. The different lines show the quality factor at dif-
ferent temperatures 10 (blue line), 20 (orange line), 50 (green
line) and 100 mK (red line). The purple dashed lines shows
the asymptotic limits of the damping rate for the 4-phonon
interaction (Eq. 36), taken at 50 mK, at low-q̃ (purple dashed
line), and at high-q̃ (pink dashed line). The superimposed
black line is guide to the eye to show the trend of the quality
factor. The exact frequency dependence has a more complex
structure around q̃ ∼ 1, which could be obtained by comput-
ing the full q̃ dependence of the 4-phonon damping rate.
Most of the work on sound attenuation in dilute mix-
tures of 3He in 4He has been concerned with relatively
large concentrations, with 3He/4He ratio at the percent
level (x3 ∼ 10−2). Much of this work is based on
Bardeen, Baym and Pines (BBP) theory [78, 79]. In
the low temperature limit (T ≤ 0.2 K) and for large
concentrations, sound attenuation caused by 3He-phonon
scattering has been described solving the 3He Boltzmann
equation, including the 3He-3He collision integral, in the
relaxation time approximation [80, 81]. This topic is
thoroughly described in [58]. For these conditions of
concentration and temperature, the 3He atoms were de-
scribed as a Fermi gas, which is not valid at ultralow
concentrations where it behaves as a classical gas since
T  TF . Typically, the Fermi temperature given by
kBTF = ~2k2F /2m∗, where kF = (3π2x3ρ0/m4)1/3 is the
Fermi wave number, is of the order of 0.3 mK at 3He
concentration of 1 ppm, and 3 µK at 1 ppb.
More importantly, the primary mechanism for sound
attenuation at relatively large concentrations relies on
the viscosity of the 3He gas, caused by rapid 3He-3He
collisions maintaining a local thermodynamic equilibrium
among themselves. For the viscous attenuation by the
3He gas to be significant, it requires ωτη  1 where τη
is the 3He-3He scattering relaxation time appropriate to
viscosity [82]. This relaxation time should be of the same






where l33 ' 8.66 × 10−10/x3 m is the mean free path
of an unpolarized 3He gas [83], and v̄3 =
√
3kBT/m∗ is
the root mean square thermal velocity of the 3He gas.
Typically, at 10 mK, and for a concentration of 1 ppb,
τ33 ∼ 0.1 s, which means that the condition ωτη  1
would only be satisfied at frequencies of the order of 1
Hz or less, which is far below the high MHz frequency
range discussed in this work. Hence, the concept of vis-
cosity for the 3He gas is not well defined at the frequency
range of our experiments, and so extending the theoret-
ical results for sound attenuation to the case of ultralow
3He concentrations is not trivial.
Currently, there is no reported theoretical work on
sound attenuation in the case of ultralow 3He concentra-
tions, low temperature, and high sound frequency (i.e.
collisionless regime). In the work by De Lorenzo et
al.[17, 84], sound attenuation caused by the very dilute
3He impurity gas is derived using a classical viscous gas
approximation in the ballistic regime [85]. For concen-
trations at the ppm level, and sound frequencies in the
kHz range and below, it should be a relatively satisfying
approximation. However, for concentrations at the ppb
level, and sound frequencies in the MHz frequency range
such as used here (i.e. in the collisionless regime), this
approximation must fail. One could however use the re-
sults of the theoretical work on transport properties (e.g.
thermal conductivity) in very dilute solutions [83, 86, 87]
to estimate the sound attenuation for this case. Since
phonon absorption/emission processes are forbidden by
energy and momentum conservation conditions, sound
attenuation is caused solely by phonon scattering.
Using the result of ref. [83], one can calculate the rate


















where the parameters A = −1.2 ± 0.2 and B = 0.70 ±
0.035 are dimensionless quantities [58, 88–90] .
We show Fig. 7 the quality factor calculated for dif-
ferent 3He concentrations using the phonon scattering
expression given above in Eq. 40. We observe that for
low 3He concentrations this damping mechanism should
give a negligible effect at all frequencies compared to the
3-phonon interaction contribution. Note that this results
gives us an estimation of sound attenuation when we
9
only consider phonon-3He scattering. A complete the-
ory would need to consider contributions from phonon
absorption and emission by 3He quasiparticles.













FIG. 7. Quality factor of an acoustic mode q, computed us-
ing the expression of the damping rate given at Eq. 29 for
3-phonon interaction, as a function of the mode frequency
Ωq/2π at temperatures 10 (blue line), 20 (orange line), 50
(green line) and 100 mK (red line). The quality factor is
computed from Eq. 40 for phonon-3He interaction processes
is shown for different 3He concentrations: x3 = 10
−6 (blue
dashed line), x3 = 10




In previous sections, we considered phonon-phonon
and phonon-3He interactions in the case where the ther-
mal phonon mean free path is limited by collisions be-
tween phonons, and where the 3He quasiparticle mean
free path is limited by collisions between 3He quasiparti-
cles; this is a valid approximation in bulk. In the nanoflu-
idic geometries proposed in this work, the confinement is
considerable, such that the boundaries of the geometries
could limit the phonon or 3He quasiparticle mean free
paths. In principle, if the walls of the nanofluidic ge-
ometries were rough they would significantly limit the
mean free paths; as originally described by Casimir [91].
In the special case of extremely smooth walls, possi-
ble to achieve with quantum nanofluidics, the bound-
ary scattering of phonon and 3He quasiparticle becomes
less important. As described in ref.[92], one can define a










where l0B is the boundary mean free path defined by
the characteristic size of the confinement geometry, and
S, quantifies the roughness of the wall, representing the
fraction of the incident phonons (or 3He quasiparticles)
that are specularly reflected from the walls. The re-
maining phonons are diffusively scattered in all direc-
tions. The parameter S describes the whole range of
cases from S = 0 (perfectly rough) to S = 1 (perfectly
smooth). In nanofluidic geometries, atomically smooth
silicon surfaces can be used to reach a specularity close
to its maximum value [93]. Additionally, the specularity
of the walls in these geometries could be tuned in-situ
with the amount of 4He atoms covering the surface [40].
The maximum specularity (S = 0.98) was obtained with
a coverage of 3-4 atomic layers of 4He, which is enough
to form a superfluid 4He layer on the surface. The spec-
ularity reported in these works corresponded to the frac-
tion of 3He cooper pairs being specularly reflected from
the walls, and is then related to the typical wavelength
of these cooper pairs, approximately given by the Fermi
wavelength λF ∼ 1 Å. Thus, the same surface will ap-
pear even smoother to the longer wavelengths of phonons
and 3He quasiparticles. We would then expect minimal
boundary effects in nanofluidic geometries made of atom-




Exploiting the recent development in quantum
nanofluidics [28, 36, 94] (i.e. nanoscale confinement ge-
ometries for quantum fluids), we aim to fabricate pre-
cisely defined phononic nanostructures to confined a su-
perfluid acoustic mode at the nanoscale.
A schematic of the nanofabrication process steps is
shown in Fig. 8, more details of this type of fabrication
process can be found at references [28, 30–32]. Using
optical lithography techniques, we can easily pattern mi-
cron sized planar geometries on a substrate (e.g. silicon,
glass). By etching these patterns with nanometer scale
height, we form shallow 3D structures. This process is
followed by a direct wafer bonding technique to enclose
the nanofluidic geometry. This fabrication technique al-
lows us to create duct channels, cavities, and more com-
plex hollow structures, which can then be filled with su-
perfluid 4He.
B. Sound propagation in nanofluidic channels
In this proposal, we aim to study superfluid 4He, at mK
temperatures, deep into the superfluid phase (ρs → ρ).
In this regime, superfluid 4He can be described as an ideal
fluid with no viscosity, with dissipative effects treated
separately. For this case, superfluid hydrodynamics is






FIG. 8. Schematic of the nanofabrication process steps of
nanofluidic geometries. a) Substrate (grey color) is covered
with a masking layer (pink color) prior to the lithography
step, b) lithography followed by substrate etching, c) sub-
strate cleaning, d) direct wafer bonding.
wave equation for the scalar pressure field:
∂2p
∂t2
− c2h∇2p = 0, (43)
where p = p(r, t) is the scalar pressure field in liquid he-
lium at position r and time t, and ch is the sound velocity
in liquid 4He at zero temperature and saturated vapour
pressure [95]. Sound propagation from liquid helium into
a solid substrate is a difficult problem to treat exactly;
as the scalar pressure field of the liquid must be matched
with the longitudinal and transverse modes of the solid
substrate. A simpler problem to solve is to consider the
solid material as a simple isotropic acoustic media of den-
sity ρsub, and sound velocity csub, associated to the lon-





ρsub(1 + ν)(1− 2ν)
, (44)
where E is the Young’s modulus, and ν is the Poisson
ratio of the solid material. Assuming continuity of the
pressure field at the liquid/solid interface, one obtains
the normal incidence reflection coefficient for the acoustic
wave amplitude at the liquid/solid interface:
r =
∣∣∣∣Zh − ZsubZh + Zsub
∣∣∣∣ , (45)
where Zh = ρhch and Zsub = ρsubcsub are respectively the
characteristic acoustic impedances of liquid 4He, and the
solid substrate. The characteristic acoustic impedance of
the different substrate materials for the sonic crystal are
reported in Table I.
Typically, due to the strong acoustic impedance mis-
match between liquid 4He and any other solid mate-
rial, the reflection coefficient, as estimated using the nor-
mal incidence reflection coefficient, will be greater than
99.5%. We exploit this strong acoustic impedance mis-
match and the high reflection coefficient to confine the
acoustic mode within the superfluid. Similarly to optical
fibre waveguides, in which light is guided by total internal
reflection, we can use nanofluidic channels as waveguides
for acoustic waves propagating in superfluid helium.
TABLE I. Table of acoustic properties of the substrate ma-
terials composing sonic crystals. The characteristic acoustic
impedance is given in rayl (Pa.s/m) unit. The sound veloc-
ity for solid materials was derived from the literature using
Eq. 44.
Material ρ (kg/m3) c (m/s) Z (rayl)
Liquid 4He a 145.1 229.5 3.33× 104
Fused silica [96] 2200 5900 1.30× 107
Crystal quartz b 2650 7000 1.86× 107
Borosilicate glass [96] 2230 5460 1.22× 107
Crystal Silicon c 2330 8560 1.99× 107
Sapphire [97] 3910 9940 3.89× 107
a At saturated vapour pressure and T= 0 K, values from [95].
b AT cut crystal quartz values from [97].










FIG. 9. a) Schematic of a rectangular nanofluidic channel
made in a solid substrate (grey color), and filled with su-
perfluid 4He (blue color) b) Cross-section of the nanofluidic
channel taken along the black dashed line rectangle drawn in
(a) showing an acoustic wave propagating in the y-direction.
In the range of parameters used in this proposal, such nanoflu-
idic channel acts like an acoustic waveguide.
Because of the high reflection coefficient, we can ap-
proximate the boundary conditions for acoustic propa-
gation within the channel by the sound-hard boundary
conditions given by
n ·∇p = 0, (46)
where n is a unit vector normal to the surface of the
wall. This Neumann boundary condition means that the
normal derivative of pressure vanishes on the wall, ex-
pressing the fact that a sound wave is perfectly reflected
at the liquid/solid interface. We show in the next section
how deviations from this ideal model lead to radiation
losses, which can be taken into account using numerical
simulations. In the proposed nanofluidic geometries, the
height of the geometry is much smaller than the lateral
dimensions. An example of a typical rectangular nanoflu-
idic channel is shown Fig. 9. The height of the nanofluidic
channel defined along the z-axis is typically hcha ∼ 100
11
nm, while its lateral dimensions are, at least, of the order
of tens of microns. In the ideal case of perfectly reflected
sound waves, we can define the quantized z-component












∼ 1 GHz, (48)
at a channel height of the order of 100 nm. Modes with
kz 6= 0 and a frequency below the cut-off frequency are
evanescent and do not propagate in the nanofluidic geom-
etry. In the proposed experiment, the sound frequency
will be kept well below the cut-off frequency so that the
sound propagation inside the nanofluidic geometry with
kz = 0 can be considered 2D to a good approximation.
C. 2D sonic crystals
Using standard optical lithography techniques, we can
pattern microscale cylindrical solid pillars into a wafer
substrate. Following a direct wafer bonding step, the
pillars on the bottom wafer are enclosed by a second
substrate on top, creating a nanofluidic environment. A
lattice of these pillars forms an artificial crystal. Fill-
ing this structure with a fluid (i.e. superfluid helium)
creates a 2D sonic crystal, a type of artificial phononic
crystal for pressure waves in the fluid. Fig. 1 shows a
2D sonic crystal made of a square-lattice of cylindrical
pillars, without showing the top substrate enclosing the
geometry for clarity. The point defect in the sonic crystal
structure traps the acoustic mode of interest.
Bulk superfluid helium is an isotropic acoustic medium
with a quasi-linear dispersion relation Ω ' chk at low
wave vectors, which is a valid approximation at all the
sound frequencies used here. Meaning that the acoustic
eigenmodes (i.e. phonons) in bulk superfluid helium are
well-defined plane waves. In our nanofluidic geometries,
the confinement along the z-axis, causes the sound prop-
agation to be guided in 2-dimensions. Also, the boundary
conditions imposed by the lattice of pillars defining the
sonic crystal, generate Bragg scattering. Hence, propa-
gating modes in the sonic crystal are Bloch waves of the
form
p(r) = e−ik·rp̃(r), (49)
with k the 2D wave vector. These Bloch waves are
plane waves modulated by a periodic function p̃(r) of
the same periodicity as the sonic crystal. This derives
from the classical Bloch’s theorem of solid state physics
here applied to acoustic waves in an artificial crystal [42].
Sound propagation within the sonic crystal is defined by
a phononic band structure, analogous to an electronic
band structure but for acoustic waves.
Phononic band structures plotted as a function of
the reduced wave vector in the irreducible Brillouin
zone (IBZ), such as the one shown Fig. 10, were found
using numerical calculations based on Finite-Element
Method (FEM) with COMSOL Multiphysics. To cal-
culate phononic band structures, we find the eigenmodes
of a square shape unit cell of size a1 with a disk of di-
ameter a2, using Floquet periodic boundary conditions
on the edges of the unit cell, and sound-hard boundary


























FIG. 10. a) Calculated phononic band structure for a square
lattice of cylindrical pillars in a superfluid 4He. The lattice
spacing is a1 = 100 µm and the pillar diameter is a2 = 90 µm.
Three bandgaps are visible (blue bands) in this structures. b)
The reciprocal lattice showing the irreducible Brillouin zone
(orange triangle), and the characteristic points: Γ, M and X.
The phononic band structure (Fig. 10) shows 3 com-
plete bandgaps. Phononic bandgaps originates from
Bragg interferences in the crystal, caused by the im-
portant contrast between solid and liquid acoustic
impedances. The bandgaps are complete bandgaps,
meaning that they are opened for all values of the
wavevector k in the IBZ. Thus, there is an entire fre-
quency band, for which sound propagation is forbid-
den. Sound waves at frequencies within the bandgap
are evanescent waves, which do not propagate more than
a characteristic length inside the sonic crystal. These
evanescent waves are waves whose wave number is imag-
inary, therefore their amplitude decays exponentially
within the sonic crystal (see Fig. 14).
The position and width of the bandgap are functions
of the geometric parameters of the lattice. For this
sonic crystal geometry, the frequency of the center of
the bandgap is governed by the distance between pillars
(a1), while the bandgap width is also governed by the
ratio pillar diameter (a2). For instance, increasing the
a2/a1 ratio towards unity, increases the bandgap width.
Results of numerical simulations show (see Fig. 10) that
the bandgaps are centred at 1.34, 5.81, and 6.56 MHz,
with a width of 0.7, 0.34, and 0.45 MHz respectively. In
Fig. 11 the closing of the lowest frequency bandgap at the
characteristic point M of the reciprocal space for smaller
values of a2. The bandgap closes at around a2 ' 65 µm
















FIG. 11. Phononic band structure zoomed around the lowest
frequency bandgap calculated for a lattice spacing a1 = 100
µm, at different values of the pillar diameter a2, from 90 µm
(black line) to 70 µm by steps of 5 µm (grey lines). The mode
shape of the pressure field is shown at different characteristic
points (color plot).
By removing a single pillar from the 2D square-lattice
structure, we define a point defect, with an acoustic mode
at Ωa/2π = 1.34 MHz, right at the centre of the lowest
frequency bandgap of the sonic crystal. Fig. 12 shows the
mode shape of the point defect acoustic mode. Since the
point defect is surrounded by a 2D sonic crystal, acoustic
waves at the mode frequency (Ωa/2π = 1.34 MHz) can-
not propagate outside the defect, completely confining
the mode. While this is in principle true for an infinite
sonic crystal, for a real sonic crystal, there will be finite
size effects limiting the quality factor. This leads to an
acoustic mode quality factor dependent on the details of
the sonic crystal parameters. We investigate in the next
section the different sources of radiation losses for a point
defect acoustic mode.
D. Extrinsic losses mechanisms
The acoustic mode of interest is localised at the point
defect of a 2D sonic crystal embedded in a nanofluidic
device. The nanofluidic device will be immersed in liq-
uid helium contained within a 3D superconducting mi-
crowave cavity as described in section V. The extrinsic
sources of loss are associated with mechanisms by which
acoustic energy is radiated out of the sonic crystal’s point
defect into, both the substrate and the surrounding liquid
helium.
The acoustic mode defined at the point defect of a sonic










where Qinta corresponds to the intrinsic quality factor
due to internal dissipation mechanisms in superfluid 4He,






















































FIG. 12. Mode shape of a point defect acoustic mode
(Ωa/2π=1.34 MHz) at the center of a 2D sonic crystal of pa-
rameters a1 = 100 µm and a2 = 80 µm. (a) Acoustic pressure
field mode shape, (b) velocity field mode shape indicating the
velocity magnitude (color scale) and direction (black arrows).
corresponds to the extrinsic sources of loss from acoustic










where Qsca is the quality factor related to the planar
acoustic radiation loss out of the sonic crystal caused by
the finite size of the sonic crystal, and Qsuba is the quality
factor related to substrate internal loss. These two quan-
tities, Qsca and Q
sub
a , constitute the main contributions to
the external quality factor.
1. Planar radiation loss: 1/Qsca
The planar radiation loss out of the sonic crystal
(1/Qsca ) contribution is obtained by assuming that the
substrate enclosing the nanofluidic geometry behaves as
infinitely rigid walls, leading to perfect acoustic wave
reflection at the liquid/solid interfaces. This condition
leads to a sound-hard wall boundary condition as given
13
by Eq. 46, and here the substrate loss contribution is
ignored.
In this case, and because the acoustic pressure field
is uniform in the z-direction inside the nanofluidic ge-
ometry, we can ignore the 3rd dimension, and only con-
sider acoustic propagation in the xy-plane. In theory, the
band structure calculated for a 2D sonic crystal, shown
in Fig. 10, leads to a set of complete bandgaps. In
these bandgaps, acoustic propagation is forbidden and
the quality factor associated to radiation losses out of
the sonic crystal should diverge. In practice, however,
because the sonic crystal has a finite size, the phononic
band structure does not describe the entire picture, and
acoustic energy can actually radiate out of the sonic crys-
tal.
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FIG. 13. Quality factor Qsca of a point defect mode obtained
considering planar radiation loss in helium caused by the fi-
nite size N of the sonic crystal for different values of a2 from
90 µm (black dots) to 70 µm (grey dots), by step of 5 µm, as
indicated on the figure. The lines are linear fits of the data-
point in this log scale calculated for crystal of size N > 17.
In an attempt to quantify this effect, we run numerical
simulations for sonic crystals of different sizes. Fig. 13
shows the quality factor Qsca defined by considering ra-
diation losses out of the sonic crystal as a function of N
where N×N is the number of unit cells in the sonic crys-
tal. As expected, larger sonic crystals provide a higher
confinement of the acoustic field within the defect, and
therefore higher quality factors. The data also shows that
the quality factor is increasing more rapidly with crystal
size at larger a2/a1 ratios. This effect can be understood
by looking at the exponential decay of the acoustic pres-
sure field radiated outside of the crystal’s defect, which
vanishes more rapidly at a larger a2/a1 ratio (Fig. 14).
Hence, wider frequency bandgaps, caused by larger a2/a1
ratios, are preferable for limiting radiation losses out of
the sonic crystal.
For the largest ratio shown (a2/a1 = 0.9) and for a
crystal of size N = 17 (i.e. few mm2), we obtain a quality
factor Qsca ∼ 1010, which is comparable to the internal
quality factor caused by 3-phonon processes at 10 mK
(see section III B). Hence, if radiation loss out of the sonic
crystal was the only external loss factor, obtaining an






























FIG. 14. Calculated pressure field outside of the defect at
the mode frequency (Ωa/2π = 1.34 MHz) as a function of the
distance to the centre of the point defect for 3 sonic crystals
with parameters a1 = 100 µm, a2 = 75 µm (blue line), 80
µm (red line), and 85 µm (black line). The pressure field is
normalized by the maximum of the field at the centre of the
point defect. The envelope of the normalized pressure field is
fitted with an exponential function p(r) = exp(−r/lc) where
lc is the characteristic decay length extracted from the fit and
given by lc = 176 µm (dashed blue line), lc = 143 µm (dashed
red line), lc = 115 µm (dashed black line).
the limiting factor, is within reach considering standard
nanofabrication techniques. However, radiation loss is
not the only external loss factor, which is discussed in
the next section.
2. Substrate losses: 1/Qsuba
Modelling substrate losses is not trivial, and required
a full 3D FEM numerical simulation of the nanofluidic
device’s components. We identified two main channels
of loss originating from the substrate. First, out-of-
plane acoustic radiation in the z-direction, propagating
through the substrate into the surrounding bulk helium.
Secondly, internal loss caused by the substrate’s partici-
pation in the acoustic mode.
To account for out-of-plane acoustic radiation, we
studied the acoustic propagation in a simpler acoustic
waveguide system made from a nanofluidic rectangular
channel inside a thick substrate. The cross section di-
mensions of the rectangular channel (100 µm ×250 nm)
are mimicking acoustic propagation in a particular direc-
tion of the xy-plane of the sonic crystal. Fig. 15 shows
both the acoustic field within the rectangular channel
and the displacement field within the solid substrate.
The displacement field in the substrate decays expo-
nentially as expected for evanescent waves. Like for an
optical fibre waveguide, because of the wave impedance
mismatch, and the fact that the wavevector is confined
in the x-direction of the channel, or the xy-plane in the
sonic crystal, it leads to total internal reflections at liq-
uid/solid interfaces. Since evanescent waves do not carry


























FIG. 15. 3D numerical simulation showing both the acoustic
field (blue to red color scale) in helium and the displacement
field (white to purple color scale) in the substrate taken at the
mode frequency (Ωa = 1.34 MHz). The fields are normalized
to their maximum value. a) represents a 3D view, and b) is a
zoomed view of the cross section of the rectangular channel.
tion through the substrate. However, evanescent waves
would only be the correct solutions of the wave equa-
tion for an infinitely thick substrate, which in practice,
is not the case. Hence, numerical simulations provides a
useful tool to quantify deviations from evanescent waves,
and estimate the associated loss channel. The results
of our numerical simulations, nevertheless, indicates that
this loss channel is negligible compare to the second loss
channel discussed below.
The main source of loss in the substrate comes from
the substrate’s internal loss via its participation in the
acoustic mode. To account for this loss channel, we add
a loss coefficient for superfluid 4He and the substrate in
our FEM simulations. For the fabrication of the sonic
crystal, an appropriate substrate material must be se-
lected. Substrate loss coefficient (α) values were calcu-
lated from the quality factor values given in the litera-
ture for resonators made of these materials, a reasonable
approximation provided that internal losses were the lim-
iting factor in these experiments. This proposal aims to
provide an architecture in which we can preserve the in-
trinsic quality factor of superfluid 4He, which is expected
to be large at low temperature. Hence, in these simu-
lations, we chose a relatively large value of the internal
quality factor for superfluid 4He (Qinta = 10
10), the one
given by 3 phonons processes at 10 mK.
From Eq. 50, one can define the reduction coefficient
η corresponding to the reduction of the intrinsic quality
factor of superfluid 4He caused by substrate loss as
η = 1− Qa
Qinta
. (52)
The numerical simulations allow us to calculate this qual-
ity factor reduction coefficient for different type of sub-
strate materials. We run these simulations for the simple
rectangular acoustic waveguide geometry and the sonic
crystal geometry. In the sonic crystal simulation, we ob-
served that the contribution of the solid substrate to the
acoustic mode is localised in the vicinity of the point de-
fect. See Fig. 16, where both the acoustic field in helium























FIG. 16. 3D numerical simulation showing the acoustic field
in the vicinity of the sonic crystal defect, and its coupling
to elastic deformation in the substrate taken at the mode
frequency (Ωa = 1.34 MHz). Both the acoustic field (blue to
red color scale) in helium and the displacement field (white
to purple color scale) in the substrate are normalized to their
maximum value.
The results of FEM simulations for different substrate
materials are summarized in table II, where the reduc-
tion coefficient is for the waveguide and the sonic crystal
agree within 0.5%. These results allow us to the identify
the most suitable substrates for this application but also
a way to quantify the expected reduction coefficient for
different geometries.
TABLE II. Table of the quality factor reduction coefficient
(η) induced by substrate loss for different materials, obtained
by FEM numerical simulations. Typical materials properties
values: density (ρ), Young’s modulus (E), and Poisson’s ratio
(ν) have been extracted from an online database [99]. The
isotropic loss factor was computed from the quality factor
values reported in the cited references (α = 1/Q).
Material ρ E ν α η
(kg/m3) (GPa)
Silicon [100] 2330 170 0.06 5× 10−10 4.3%
Quartz [101] 2649 97 0.08 5× 10−10 7.6%
Sapphire [98] 3910 330 0.24 1.7× 10−9 8.5%
Fused Silica [102] 2203 70.4 0.15 1.7× 10−8 82.2%
Borofloat [103] 2230 64 0.2 1× 10−6 96.8%
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V. CAVITY OPTOMECHANICAL SYSTEM
We can form a cavity optomechanical system by cou-
pling the sonic crystal’s point defect mode described in
the previous section to a microwave cavity mode. The
architecture we propose aims to exploit the high quality
factors offer by 3D superconducting microwave cavities in
combination with the high degree of mode confinement
provided by nanofluidic geometries.
A. Microwave cavity mode
A nanoscale parallel plate capacitor can be formed
inside the nanofluidic geometry by depositing two su-
perconducting electrodes, on the top and bottom inner
surfaces of the sonic’s crystal point defect. The typi-
cal capacitance will be given by the standard formula
Cnano = Aε0εh/d, where d is the gap between the two
parallel electrodes, A is the effective surface area of the
electrodes, ε0 = 8.85×10−12 pF/m is the vacuum permit-
tivity, and εh = 1.057 the relative permittivity of liquid
4He [95]. With the values used to define the phononic
crystal nanostructure in the previous sections (d ∼ 100
nm, A ∼ 0.01 mm2), we obtain a typical capacitance
for the nanoscale capacitor that lies in the pF range.
Therefore, to form a microwave resonator with a mode
frequency at ω0/2π = 5 GHz, which is appropriate for
most RF experiments at low temperature, we need to
connect to the nanoscale capacitor to an effective induc-
tance (L = 1/(ω20C)) in the nH range. This type of
architecture can be realized with good flexibility, by em-
bedding the nanoscale capacitor in a 3D superconducting
microwave cavity (schematic shown Fig. 17)
a)
b)
FIG. 17. a) Schematic of a nanofluidic device (light red area)
composed of a nanoscale capacitor (dark red area) terminated
by two large antennas (black area), embedded in a 3D su-
perconducting microwave cavity (blue area), which can be
readout with a pair of pin couplers (green areas). b) Numer-
ical simulation of the electric field mode shape in this type
of resonator showing the focusing of the electric field inside
the nanoscale capacitor with arb. unit scale (red is for high
intensity and blue for low intensity).
To engineer the coupling between the nanofluidic ca-
pacitor and the cavity in this type of architecture, dif-
ferent strategies have been used, and the most appro-
priate for our application would be to either use the ca-
pacitive coupling strategy [104] or the galvanic coupling
strategy [105]. In the case of the capacitive coupling
strategy, the nanoscale capacitor (Cnano) is terminated
by two large antennas coupling the in-cavity field to the
nanoscale capacitor. These two antennas can be repre-
sented by coupling capacitors Cc between the cavity’s
inductance and the nanofluidic capacitor as shown in the
circuit diagram Fig. 18. In the case of a galvanic cou-
pling, the two electrodes of the nanoscale capacitor are
grounded to the cavity with electrical contacts, and the
two coupling capacitors Cc can be removed from the cir-
cuit diagram. Finally, to couple the field in and out of
the microwave cavity, the most commonly used strategy
is referred to as “pin coupling”, which can be represented
by two coupling capacitors (Cin and Cout) in the circuit
diagram. The pin coupling strategy is thoroughly de-





FIG. 18. Circuit diagram showing the coupling between the
nanoscale capacitor (Cnano) and the 3D superconducting mi-
crowave cavity with effective inductance L and capacitance
C. The coupling capacitors (Cc) couple the in-cavity field to
the nanoscale capacitor. The in and out coupling capacitors
(Cin and Cout) represent the pin coupling to the measurement
transmission line.
B. Electrostrictive coupling
Using the standard cavity optomechanics frame-
work [1], the microwave cavity mode (ω0) and the acous-
tic mode (Ωa) can be represented by two harmonic oscil-
lators, leading to the following bare Hamiltonian,
H0 = ~ω0a†a+ ~Ωab†b, (53)
where a† are the creation operator for cavity mode pho-
tons, and b† for acoustic mode phonons. The coupling
between the cavity mode and the acoustic mode is para-
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metric, such that the cavity resonance frequency is mod-
ulated by density fluctuations (δρ) of the acoustic mode,
and can be expanded as:
ω0(δρ) = ω0 + δρ
∂ω0
∂ρ
+ ... . (54)
Considering small density fluctuations, it is sufficient to
keep the linear term only. We define the frequency shift
by density as G = −∂ω0/∂ρ. Expanding to leading order
in the density, we obtain for the optomechanical interac-
tion part of the Hamiltonian,
Hint = −~g0a†a(b† + b), (55)
where g0 = Gδρzpf is the single-photon optomechanical
coupling strength, expressed as a rate, quantifying the
interaction between a single photon and a single phonon.
In the proposed implementation, the microwave cav-
ity mode frequency is modulated by density fluctuations
of the acoustic mode, via the liquid 4He dielectric con-
stant’s dependence on density εh(ρh). This dependence









where M = 4.0026 g/mol is 4He molar mass, αM = 0.123
cm3/mol is 4He molar polarizability, which remains con-
stant from room temperature to low temperature [107].
Differentiating this expression with respect to the den-
sity, we find
δεh =
(εh + 2)(εh − 1)
3ρh
δρh, (57)
which gives the linear part of the dielectric constant’s
dependence on density fluctuations. Assuming that the
frequency modulation is small compared to the resonance
frequency, one can use the result of the theory of cavity
perturbations [108], which gives the expression of the rel-














caused by a change in dielectric constant δεh, and a
change in magnetic constant δµh, where µh is the mag-
netic constant, |E0(r)| (|H0(r)|) is the electric field
(magnetic field) amplitude mode shape, and the integral
is taken over the entire volume of the cavity mode. We
observe that the terms are related to the electromagnetic
stored energy, so that a decrease in the resonance fre-
quency can be related to the increase in the stored energy
of the perturbed cavity. Since the magnetic susceptibil-
ity of liquid helium is negligible (χm ∼ −10−7) [109],
compared to its electric susceptibility (χe ∼ 0.057) [110],
we can neglect the change in magnetic constant. The two
terms of the denominator in the right-hand side of Eq. 58
are equal and correspond to half the total stored energy








and so the relative frequency shift can be written as
δω0
ω0








To find the single photon coupling strength, we now
write the relative frequency shift associated with zero-
point fluctuations of the acoustic mode. The density
variation is concentrated in the sonic crystal point de-
fect resonator, and can be written as
δρ(r) = δρzpf f(r). (61)
where f(r) is a dimensionless, normalised function, rep-
resenting the mode shape function associated to the
acoustic mode. The total acoustic energy stored in this
mode is given by the usual expression of the potential








where p(r) = Khδρ(r)/ρ is the pressure variation caused
by density variations, and Kh is helium’s bulk modulus


















which we equate to the zero-point energy (~Ωa/2) to find








d3rf(r)2 is the acoustic mode effective
volume. The typical zero-point fractional density change









where Ωa/2π ∼ 1.5 MHz is the typical frequency of the
acoustic mode, Veff = αVdef is the effective volume of the
acoustic mode with Vdef ∼ 10−15 m3 the volume of the
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sonic crystal’s point defect, and α a numerical constant
that depends on the mode shape. Numerical simulations
give α ∼ 0.3 for a sonic crystal defined by a2/a1 = 0.8,
and α ∼ 0.2 for a2/a1 = 0.9.















where g(r) is a dimensionless, square-normalised function
representing the mode shape of the cavity mode electric
field. In order to maximize the mode coupling integral in
Eq. 67, the electrodes forming the nanofluidic capacitor
can be positioned so that they the electric field overlaps












FIG. 19. Illustration of the overlap between the pressure field
(normalized color scale) of the sonic crystal’s defect mode and
the electric field confined in the nanoscale capacitor located
at the center of defect where the pressure field is maximum
leading to a mode overlap function close to unity.
In an ideal scenario, where the mode coupling inte-
gral is of the order of unity (g(r) ∼ 1), it leads to
a single-photon optomechanical coupling strength g0 ∼
0.03ω0(δρzpf/ρh), which gives g0/2π ∼ 0.015 Hz for a
cavity mode resonance frequency ω0/2π = 5 GHz. We
show how the optomechanical parameters of the proposed
system compare to other recent superfluid optomechani-
cal systems in Table III. We note that with the miniatur-
ization of the superfluid acoustic resonator into a nanoflu-
idic geometry, the optomechanical coupling strength is
increased by 6 orders of magnitude compared to the
other architectures made using a microwave cavity op-
tomechanics.
VI. CONCLUSION
Superfluid optomechanics offers great prospects for
quantum sensing and quantum technology applications.
In this work, we presented the characteristic properties
of superfluid 4He as an acoustic medium that are relevant
for these applications. Of particular interest, is superfluid
TABLE III. Table of the figure of merit for superfluid optome-
chanical systems reported in the literature and this proposal.
Systems Ωa/2π ω0/2π g0/2π
This proposal 1.34 MHz 5 GHz 0.015 Hz
De Lorenzo et al.[17] 8.1 kHz 10.6 GHz 4× 10−8 Hz
Kashkanova et al.[19] 317.5 MHz 194.5 THz ∼ 3 kHz
Shkarin et al.[20] 319 MHz 196 THz 3.6 kHz
Childress et al.[23] 0.02 -1 kHz 300 THz 0.2-10 kHz
He et al.[24] 1 - 10 MHz 193 THz 133 kHz
4He’s extremely low sound attenuation in the low tem-
perature limit, and naturally high acoustic impedance
mismatch with most solid materials.
We described the different phonon processes respon-
sible for sound attenuation in superfluid 4He, and how
its properties can be tuned with pressure. We high-
lighted, for instance, the interesting regime at high pres-
sure where sound attenuation is dominated by 4-phonons
processes only, allowing to reach stratospheric acoustic
quality factors at low temperature. Such regime however
has not yet been investigated in part because external
factors introduce larger losses preventing its observation.
We described how in practice sound attenuation is also
affected by the unavoidable presence of 3He impurities
and container boundaries, and how to limit the addi-
tional losses that these may introduce.
Furthermore, the exquisite properties of superfluid 4He
can easily be spoiled by the design of the acoustic cav-
ity, which can cause radiation loss and heating. Our
proposal focuses on a novel type of devices based on
phononic nanostructures enabling the confinement of su-
perfluid acoustic modes at the nanoscale leading to higher
frequency modes and the enhancement of optomechani-
cal coupling strengths. We identified the different loss
mechanisms for our proposed geometry. Our results,
based on FEM numerical simulations, show that sonic
crystals provide a useful method to significantly limit
radiations losses out of the acoustic mode. Additional
external losses arising from the substrate participation
to the acoustic mode have been identified, and could be
limited with the appropriate choice of substrate materi-
als (e.g. silicon, glass, quartz) and geometries. Finally,
an implementation of these phononic nanostructures in
a cavity optomechanical setup based on superconducting
microwave cavities was proposed. The system param-
eters have been calculated and compared to the litera-
ture. We note that this proposal provides a six order of
magnitude improvement on the optomechanical coupling
strength compared to previous microwave optomechani-
cal systems.
Future prospects include the possibility of reducing the
mode volume to enhance the optomechanical coupling
strength, coupling multiple acoustic modes to create op-
tomechanical arrays and metamaterials, and forming hy-
brid system by coupling these acoustic modes to other
nanomechanical structures (e.g. compliant membranes).
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